








ℝ1,1 ≅
𝑆1 × 𝑆1



×









ℎ𝑗,𝑗+1

𝐻(Λ) =

𝑗

ℎ𝑗,𝑗+1(Λ)

ℎ𝑗−1,𝑗 ⋯⋯

This is important!



ℎ𝑗,𝑗+1 = 

𝛼=1

𝑑2

𝜓𝛼 𝜓𝛼

𝑃𝑙𝑜𝑤 = 

𝛼=1

𝑑

𝜓𝛼 𝜓𝛼



ℎ𝑗,𝑗+1ℎ𝑗−1,𝑗 ⋯⋯

𝑃𝑙𝑜𝑤

ℎ𝑗+1,𝑗+2ℎ′𝑗,𝑗+1ℎ′𝑗−2,𝑗−1 ⋯⋯



𝑎 = 2/Λ



𝑃𝑙𝑜𝑤

ℎ𝑗+1,𝑗+2ℎ′𝑗,𝑗+1ℎ′𝑗−2,𝑗−1 ⋯⋯

ℎ𝑗+1,𝑗+2ℎ′𝑗,𝑗+1ℎ′′𝑗−2,𝑗−1 ⋯⋯



ℎ𝑗+1,𝑗+2ℎ′𝑗,𝑗+1ℎ′′𝑗−2,𝑗−1 ⋯⋯

𝑃𝑙𝑜𝑤

ℎ𝑗+1,𝑗+2ℎ′′𝑗,𝑗+1ℎ′′′𝑗−2,𝑗−1 ⋯⋯



𝑃𝑙𝑜𝑤

𝑃𝑙𝑜𝑤

𝑃𝑙𝑜𝑤



𝑎 = 2𝑛/Λ







×



(Semi)continuous limit





𝑎

2𝑛
, 𝑎+1
2𝑛

:

1
2, 10, 12

0, 14
1
4,
1
2

1
2,
3
4

3
4, 1

0,1



0,1

𝒟 =



𝑃, 𝑄 ∈ 𝒟
𝑃 ≤ 𝑄



𝒟



1
2
, 10, 1

2

0,1

≡



1
2, 10, 12

0, 14
1
4,
1
2

0,1

≡

1
2, 1



𝑃



𝑄

𝑃

≤ ∪

𝑃 ≤ 𝑄



𝑉



𝑄

𝑃

𝑉𝑇𝑄
𝑃



𝑄

𝑃

𝑉𝑇𝑄
𝑃



𝑉

𝑄

𝑃

≤
≤

∪

∪
⋯

∪≤

Λ

∪≤

𝑉

𝑉

𝑉





𝑄

𝑃

𝑉

𝑅

𝑉

𝑃

𝑅

=

𝑇𝑅
𝑄

𝑇𝑄
𝑃

𝑇𝑅
𝑃



𝑄𝑃

𝑅

𝜙 𝑃 𝜓 𝑄

𝑇𝑅
𝑃 𝜙 𝑃 = 𝑇𝑅

𝑄
𝜓 𝑄

𝜙 𝑃 ∼ 𝜓 𝑄

∃



𝑇𝑄
𝑃



𝑉

𝑄

𝑃

≤
≤

∪

∪
⋯

∪≤

Λ

∪≤

𝑉

𝑉

𝑉



𝑉

𝑉

𝑄

𝑃

≤
≤

∪

∪

⋯

∪≤

Λ

∪≤

𝑉

𝑉

𝑉



(𝒟,≤)
𝑃 ∈ 𝒟



𝜙 𝑃 ∼ 𝜓 𝑄

𝑅 ≥ 𝑃 𝑅 ≥ 𝑄

𝑇𝑅
𝑃 𝜙 𝑃 = 𝑇𝑅

𝑄
𝜓 𝑄

=



𝜓 𝑃 ≡ { 𝜙 𝑄 = 𝑇𝑄
𝑃 𝜓 𝑃}



ℋ𝑃
ℋ

ℋ𝑃 ↪ ℋ

𝜓 𝑃 ⟼ 𝜓 𝑃



Dynamics



J. W. Cannon, W. J. Floyd, and W. R. Parry, Enseign. Math., vol. 42, no. 3–4, pp. 215 – 256, 1996

𝐴(𝑥) 𝐵(𝑥) 𝐶(𝑥)

Thompson’s group T: generated by 𝐴 𝑥 𝐵 𝑥 , 

and 𝐶 𝑥 under composition



𝑓(𝑥)

Proposition (“well known”): let 𝑓 ∈ diff+(𝑆1). Then 

∃ sequence 𝐴𝑛 𝑥 ∈ 𝑇 s.t. 𝐴𝑛 − 𝑓 ∞ → 0.

𝐴1(𝑥)

see e.g., D. Stiegemann , arXiv:1810.11041



𝑓(𝑥) 𝐴2(𝑥)

Proposition (“well known”): let 𝑓 ∈ diff+(𝑆1). Then 

∃ sequence 𝐴𝑛 𝑥 ∈ 𝑇 s.t. 𝐴𝑛 − 𝑓 ∞ → 0.

see e.g., D. Stiegemann , arXiv:1810.11041



𝑓(𝑥) 𝐴3(𝑥)

Proposition (“well known”): let 𝑓 ∈ diff+(𝑆1). Then 

∃ sequence 𝐴𝑛 𝑥 ∈ 𝑇 s.t. 𝐴𝑛 − 𝑓 ∞ → 0.

see e.g., D. Stiegemann , arXiv:1810.11041



Elements of  F and T



J. W. Cannon, W. J. Floyd, and W. R. Parry, Enseign. Math., vol. 42, no. 3–4, pp. 215 – 256, 1996

𝐵(𝑥)

Pairs of  std. dyadic partitions/trees

≡ ≡



J. W. Cannon, W. J. Floyd, and W. R. Parry, Enseign. Math., vol. 42, no. 3–4, pp. 215 – 256, 1996

Pairs of  std. dyadic partitions/trees

≡



V. Jones (2014)

Representing F and T on ℋ

≡ 〈Ω 𝑈 𝑓 Ω〉→𝑓 =



V. Jones (2014)

Representing F and T on ℋ

≡ 〈Ω 𝑈 𝑓 Ω〉→𝑓 =





𝜇𝛼 ∈ ℬ ℋ

𝑉† 𝜇𝛼 ⊗ 𝕀 𝑉 = 𝜆𝛼𝜇
𝛼

𝑉

𝑉†

𝜇𝛼 = 𝜇𝛼𝜆𝛼



𝛼 𝑧 ∈ 𝑆1

𝑃 ≡ (𝐼1, 𝐼2, … , 𝐼𝑛)

𝜙𝑃 𝑧 ≡
𝐼∈𝑃

I 𝑧 ∈ 𝐼 𝜆𝛼
log2(|𝐼|)𝜇𝐼

𝛼



(𝑥1, 𝑥2, … , 𝑥𝑛) 𝜶 =
𝛼1, 𝛼2, … , 𝛼𝑛 𝑃

𝑀𝑃
𝜶 𝑥1, 𝑥2, … , 𝑥𝑛 ≡ 𝜙𝑃

𝛼1 𝑥1 𝜙𝑃
𝛼2 𝑥2 ⋯𝜙𝑃

𝛼𝑛(𝑥𝑛)



𝐶𝜶 𝑥1, 𝑥2, … , 𝑥𝑛 ≡ lim
𝑃
〈Ω𝑃′|𝑀𝑃

𝜶(𝒙) |Ω𝑃′〉

𝑂(log(𝑛))



𝐶𝜶 𝑥1, 𝑥2, … , 𝑥𝑛 ≡ 〈Ω| 𝜙𝛼1 𝑥1 ⋯ 𝜙𝛼𝑛 𝑥𝑛 |Ω〉



𝐶 1

2
, 𝑥 ≡ lim

𝑃
𝜙𝑃
𝛼1 1

2
𝜙𝑃
𝛼2 𝑥



𝑥 𝑦

𝐶𝛼𝛽 𝑥, 𝑦 = c 𝛼, 𝛽, 𝛾 𝐷 𝑥, 𝑦 log 𝜆𝛼+log 𝜆𝛽−log 𝜆𝛾

𝐷(𝑥, 𝑦)



𝜙𝛼 𝑥 𝜙𝛽 𝑦 ∼ 𝑓𝛾
𝛼𝛽
𝐷 𝑥, 𝑦 ℎ𝛾−ℎ𝛼−ℎ𝛽 𝜙𝛾 𝑦




