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Starting definitions




Let J be the set of all intervals (open, connected, non-empty and non-dense subsets) of
the circle S*. An irreducible graded-local conformal net is a family A := (A(/));es of
von Neumann algebras on a separable Hilbert space H, s.t.:

Isotony. If I, C b intervals, then A(hL) C A(h).

Mébius covariance. U : M&b(51)(*) — U(#) a strongly continuous unitary
representation of M&b(S)(*) on # s.t.
UMAMNUR) = A(x1) Yy e Msb(§Y) ) vie J.

Positivity of the energy. The generator H of the rotation subgroup of U is a positive
operator on H, called conformal Hamiltonian.

Vacuum. A U-invariant vector Q € H, which is cyclic for the von Neumann algebra

Vies All).

Graded-locality. A self-adjoint I' € U(#) s.t. Q2 = Q and ‘
FANT = A1), A(I") C ZA(1)'Z* for all | € J with Z := =T

1—i

Diffeomorphism covariance. A strongly continuous projective unitary extension of U to
Diff (81 s.t.:

UMAMNU) ™ = A1), ¥y € Diff(s1)>);

UAU() ™t =A, VA€ A(l'), vy € Diff(), VI € J.

Irreducibility. Q is the unique vacuum vector up to a phase.
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A vertex operator superalgebra is a quadruple (V,Q, Y, v):

C-vector superspace. C-vector space V with an involution 'y s.t.:
Vgi={aeV|lTva=a}, Vy:={acV|lTva=-a}, V=Vsd V4, 0,1€Z/2Z.

a € Vg is an even element with parity p(a) = 0.
b € Vi is an odd element with parity p(b) = 1.

Vacuum vector. Q € ;.

State-Field correspondence. A C-linear map Y : V — End(V)[[z, z']] denoted by the
formal series Y(a,z) =3, ,amz "' witha € V st

° Parlty preserving field. For every a,b € V, a(,)b € Vja)1p() for all n € Z and
myb =0 for M > 0;

° Vacuum. Y(Q,z) =1y and a_1)Q = a for all a € V;

o Locality. For every a, b € V, as formal distribution

(z—=w)"[Y(a,2), Y(b,w)] =0 N>0 (all commutators are graded) .



Starting definitions

Conformal vector. v € V5, Y(r,2) =3, Loz " ? st

3

o Virasoro algebra cr. [Ln, L] = (m — n)Lmin + c(mlg'") Om,—n1 with central charge
ceC

o Translation covariance. L_1Q =0 and [L_1, Y(a,2)] = L Y(a,z) for all a € V;

°o V= @HEZ Vo, Vg = @nEZ—% Vi, with V, := Ker(Lo — nly), dim V, < o0,
V, =0 for n < 0.
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Nomenclature and notation
@ Y(a,z) for a€ V is called vertex operator.

o If a€ V, for some n € %Z, then a is called homogeneous of conformal weight
d, := n. We write

Y(a,z) E apz "% ap 1= 3(ntd,—1) -
n€EZ—d,
@ An ideal ¢ of a vertex operator superalgebra V is an L_;-invariant vector subspace

such that a(,) # C # forallac Vandall n € Z.
V is said S|mple if the only ideal are {0} and V itself.
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An (anti-)linear automorphism ¢ on V is an (anti-)linear vector space automorphism
st. ¢(Q) = Q, ¢(v) = v and ¢(amyb) = (#(a))(m@(b) for all a,b € V and all n € Z.

A unitary VOSA is a VOSA V equipped with:

@ a scalar product (+|), that is, a positive-definite hermitian form (linear in the second
variable), which is normalized, i.e., (2|Q) = 1;

@ an anti-linear involution 6, called the PCT operator;

such that the following invariant property holds

(Y(6(a), z)b|c) = (b Y(eZLl(—l)QLg“”z*QLOa, zY¢) Vab,ceV
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Constructing graded-local conformal nets

Definition

Given a unitary VOSA V, define the norm ||-|| := (|)% Then, the separable Hilbert
space H for our graded-local conformal net theory is obtained as the norm completion of
V by |||

To construct the local von Neumann algebras:
o the idea is to define some operator-valued distributions from the circle S* to H,
using vertex operators Y'(a, z).

First, we need a control on the operator norm of coefficients a,:

Definition
A unitary VOSA V is said energy-bounded if for every a € V there exists k,s, M > 0
such that

1
llanbl| < M(n| + 1)||(12 + Lo)ka Vne SZ Wbe V.




Constructing graded-local conformal nets

Test functions: C>(S') and C°(S') := xC>=(S') where x(x) := e'> with x € (=, 7).
V energy-bounded unitary VOSA. Define the following operators on V: a € Vg, b e Vi,
f e C>(Sh), g€ C(SY), then

Yo(a, f)c = Zﬁ,anc, Yo(b, g)c := Z gnbhc  Vce V.

nez nGZfé

@ Invariance property = a,, b, are closable on .

@ Energy bounds = Yp(a, f) and Yo(b, g) are densely defined operator on H.

Definition

Smeared vertex operators: Y(a, f) and Y(b,g) are the closure of Yy(a, f) and Yo(b, g)
on H.

@ Energy bounds (+ some standard results) = for all ¢ € H*,

C®(SY) o f Y(a,f)c€H® and CZ(S') g Y(b,g)c € H™

are operator-valued distributions (H* is the common invariant core of smooth
vectors for 14, + Lo).



Definition of the net

Let (V,9,Y,v) be a simple energy-bounded VOSA.

o For all | € J, define the von Neumann algebras
g acVs, feC™(SY), suppfCl
A(Vv(”)(l) =W <{Y(a’ f)’ Y(b’g) | bEV;, gEC;O(Sl)7 supngI}) :

@ We have a strongly-continuous projective unitary representation
U : Diff*(5')(*) — U(H) induced by the conformal vector v, which factors through
Diff (1))
U(exp(z)(tf))AU(exp(z)(tf)) = ™YW pe=itY(1f)

where exp® (tf) is the lift to Diff(S*)® of the exponential map on the real vector
field f<L, f € C(S',R).



Which properties of the net can be proved:

V: simple energy-bounded unitary VOSA,;
(A(v, -]y, U): associated family of von Neumann algebras with representation of
Difft(S*)(*);

Isotony ;

Mobius covariance ;

Q € V is the vacuum o;

°
°
o Positivity of the energy: Lo is the conformal Hamiltonian. ;
°
o Irreducibility ;

Graded-locality X;

Diffeomorphism covariance @ (it is possible to prove it using or without using the
graded-locality of the net).



Constructing graded-local conformal nets

[ is the extension of 'y to H;
7. ly—ir.

1=
Definition

Let V be a unitary VOSA. V is said strongly graded-local if it is energy-bounded and
A(vy(.|.))(//) C ZA(\AH.))(/)/Z* forall I € J.

Theorem

Let V be a simple strongly graded-local unitary VOSA, then Ay (.|.y) is an irreducible
graded-local conformal net. Moreover, if (+|-)" determines another unitary structure on V,
then Ay (. is unitarily isomorphic to Ay, (.|.y)-

Therefore, we indicate the graded-local conformal net so obtained from V with simply

Av.



Further correspondence results

J




Further correspondence results

Unitary subalgebras and covariant subnets

V: simple strongly graded-local unitary VOSA.

Theorem

Aut.y(V) = Aut(Av). In particular, if Aut(V) is compact, then Aut(V) = Aut(Av).

Theorem

The map W +— A realises a one-to-one correspondence between unitary subalgebras of
V' and covariant subnets of Ay.
In particular, such a map “preserves” the coset construction: Ay = A}y .




Strong graded-locality by generators

§ a subset of a simple energy-bounded unitary VOSA V. For all | € 7, define
_r a€V5NF, fEC(SY), suppfC/
Ag(l) = W <{v(a, ), Y(b,g) | bevfm,gecgo(sl),SumC,}) .

Theorem

Assume that § contains only quasi-primary vectors (Li§ = {0}) and that it generates V.
If there exists an | € J such that Az(I') C ZAz(1)'Z*, then V is strongly graded-local
and Az(/) = Av(l) forall I € J.

Corollary

V' and V? simple strongly graded-local unitary VOSA. Then, A, 14,2 = A1 &Aye.

Corollary

Let V be a simple unitary VOSA generated by V% U VL USF, where § C Vs is a family of
quasi-primary 6-invariant Virasoro vectors. Then V is energy-bounded and strongly
graded-local.







Classical examples

We can obtain the following classical examples of graded-local conformal nets through
the procedure just described:

o Real free fermion net: § := Az with § the free fermion VOSA.
o Charged free fermion net: F := FQF = Arge-
o d-fermion net: §% = Agq.

o Lie superalgebra net: Ay, ® §¢ with A, := Avyk(g) the net associated to level k
Lie algebra g.

o Rank-one lattice net: Ay := Ay, with V|, the simple unitary VOSA associated
to an even/odd one-dimensional lattice Ly = v/ NJZ.

o N = 1,2 super-Virasoro net: it allows us to talk about “unitary superconformal
structures” on a VOSA.

Theorem

V' a simple strongly graded-local unitary VOSA. Then V is superconformal iff Ay is.
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