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Introduction

o Normally hyperbolic operator: 00 € P?(.#,&) st on(€) = gh(€,€).
In local coordinates (20, ...,2%1) on globally hyperbolic spacetime
(A ,g) after trivialising the complex smooth vector bundle &
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°

NIVERSITY OF LEEDS:

Where are we?

@ Local construction (Hadamard, 1908; Riesz, 1949, 1960)
o Klein-Gordon (Brown, 1984).
o Dirac (Marecki, 2003).
o Yang-Mills (Hollands, 2008).
@ Microlocal construction (Duistermaat & Hérmander, 1972, Thm. 6.5.3):
I!'Feynman parametrices on smooth manifolds pseudo-convex wrt.
pseudodifferential operators of real-principal type.

@ Take home message of this talk

Theorem (Existence & uniqueness of Feynman parametrices)

Let & — .# be a smooth complex vector bundle over a globally
hyperbolic spacetime (A ,g) and O : E( M, &) — E(M,E) is a
NHOp. Then there exist unique Feynman parametrices for (1.
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o &M, &) LD, &) S D, E) L D (M, ) not defined.

o &M, &) B D, 6L &M, E) L D (M, E), supp(P) cpt
o If (,€),(y,n) ¢ WF (2) but (x,&;y,m) € WF' (LZR) then 3

(2,¢) € WF (2) st (x,€) 2 (2,() = (y,n) on geodesic strip ().
@ Choose x € D(A x M ,85KRE) st x =1 in a nbh. I" of the proj.

{(l'vé.aya 77) € T*%2|gx(£7£) = 07 (m’g) = s>0(y 77)} on % X ‘%

supp([L), M,;) C supp(x) \ I,
LM, R
— LM, 0R — LOM, R,

= singsupp (L[, M, |R) # I’

Hence LM, — M, R does not contain any point over /" and

therefore L — R is a smoothing op. as I’ is arbitrary. 5/o
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covectors on (., g).
o T, satisfying above conditions, employing POU st I = > T),.
@ Feynman parametrices for [J:
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A DN NOFDT) = D (M NOA2E), (Au) () = / Az, y)u(y)
N
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@ Locally a FIO can be written as a matrix whose elements are
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Figure 1: A schematic diagram of microlocalisation.

o (x,£) € T lightlike covector, (0,7) := (0;70,0,...,0) € T*R%
o s :R? — # local homogeneous Darboux coordinate st

Up(%(O,no)) = &p. (7)
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Microlocalisation
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Figure 1: A schematic diagram of microlocalisation.

o (,£) € T"# lightlike covector, (0,7) := (0;70,0,...,0) € T*R%
o s :R? — ./ local homogeneous Darboux coordinate st
Up(%(o, 770)) = fo. (7)
o JA e I™( M xRY, ¢ Hom(Z,&)),B eI ™ (R x A, (1Y,
Hom(&,.7)) st (m € R, 2" := (s(y,n);y, —n))
WEF’ (A) (- F(17§;07n), WEF’ (B) C F(O,n;x,&)a
(8a)
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Microlocalisation
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Figure 1: A schematic diagram of microlocalisation.

o (,£) € T"# lightlike covector, (0,7) := (0;70,0,...,0) € T*R%

o s :R? — ./ local homogeneous Darboux coordinate st
ap(5(0,10)) = o. (7)

o JA e I™( M xRY, ¢ Hom(Z,&)),B eI ™ (R x A, (1Y,

Hom(&,.7)) st (meR%/’ = (s(y,m);y,—n))
WF' (A) C Ize0m) F'(B) C Fon, )
z,§) ¢ WF (BA — I), (0,n) ¢ WF(AB - 1),
2,60,n) ¢ WE' (ADB — P), (0,m;2,€) ¢ WE' (BPA - D).

—_~
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Facts used in the Proof of Microlocalisation

o Existence of parametrix for FIOs.
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o Existence of parametrix for FIOs.
@ Egorov’'s theorem.

@ Transport equation.

Thank you for your attention!
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