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Introduction

Normally hyperbolic operator: � ∈ P2(M ,E ) st σ�(ξ) = g](ξ, ξ).
In local coordinates (x0, . . . , xd−1) on globally hyperbolic spacetime
(M , g) after trivialising the complex smooth vector bundle E

� = gµν
∂2

∂xµ∂xν
+Aµ

∂

∂xµ
+B,

Aµ, B-matrix valued coefficients.

Examples: Klein-Gordon, (twisted) Dirac2; with constraint:
Hodge-d’Alembert, Proca, Rarita-Schwinger2, Buchdahl-Wünsch2.
Left parametrix: a continuous op EL : D(M ,E )→ D′(M ,E ) st

EL ◦� � D(M ,E ) = I + L, L ∈ Ψ−∞(M ,E ). (1)

Right parametrix: �ER = I +R,R ∈ Ψ−∞(M ,E ).
Parametrix - simultaneously a left & right parametrix.
Feynman parametrix - uniquely characterised by its wavefront set.
Pivotal for

Locally covariant time-ordered products (Hollands & Wald, 2001, 2002).

Bär and Strohmaier (2019) Lorentzian index theorem.
Lorentzian Gutzwiller (1971)-Duistermaat and Guillemin (1975)
semiclassical trace formula (Strohmaier & Zelditch, 2018).
Existence of Hadamard states (Lewandowski, 2019).

Do Feynman parametrices exist for a NHOp on GHSTs?
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Feynman Parametrix

Feynman (1949) propagator: expectation value of time ordered (T)
massive (m) scalar fields wrt Minkowski vacuum ω0

G0(x, y) := ω0

(
T(φ(x)φ(y))

)
, (2)

Such a Green’s function was probably unknown to mathematicians !

ω Hadamard state (Duistermaat & Hörmander, 1972; Radzikowski, 1996)

Gω = E +Rω, (3)

Microlocal Definition of Feynman parametrix

A map E : D(M ,E )
C−→ E(M ,E ) st (Duistermaat & Hörmander, 1972)

WF′ (E) ⊆ ∆Ṫ ∗M 2

⋃{
(x, ξ; y, η) ∈ Ṫ ∗M 2|gx(ξ, ξ) = 0,

∃s ∈ R≷0 : (x, ξ) = Φs(y, η)
}
.
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ω Hadamard state (Duistermaat & Hörmander, 1972; Radzikowski, 1996)

Gω = E +Rω, (3)

Microlocal Definition of Feynman parametrix

A map E : D(M ,E )
C−→ E(M ,E ) st (Duistermaat & Hörmander, 1972)
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WF′ (E) ⊆ ∆Ṫ ∗M 2
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WF′ (E) ⊆ ∆Ṫ ∗M 2
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Where are we?

Local construction (Hadamard, 1908; Riesz, 1949, 1960)

Klein-Gordon (Brown, 1984).
Dirac (Marecki, 2003).
Yang-Mills (Hollands, 2008).

Microlocal construction (Duistermaat & Hörmander, 1972, Thm. 6.5.3):
∃!Feynman parametrices on smooth manifolds pseudo-convex wrt.
pseudodifferential operators of real-principal type.

Take home message of this talk

Theorem (Existence & uniqueness of Feynman parametrices)

Let E →M be a smooth complex vector bundle over a globally
hyperbolic spacetime (M , g) and � : E(M ,E )→ E(M ,E ) is a
NHOp. Then there exist unique Feynman parametrices for �.
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Uniqueness of Feynman Parametrix

L�R congruent both to L and to R modulo smoothing operators.

E ′(M ,E )
R−→ D′(M ,E )

�−→ D′(M ,E )
L−→ D′(M ,E ) .

E ′(M ,E )
R−→ D′(M ,E )

P−→ E ′(M ,E )
L−→ D′(M ,E ), supp(P) cpt

If (x, ξ), (y, η) /∈WF (P) but (x, ξ; y, η) ∈WF′ (LPR) then ∃
(z, ζ) ∈WF (P) st (x, ξ) ≷ (z, ζ) ≶ (y, η) on geodesic strip γ(t).

Choose χ ∈ D(M ×M ,E � E ) st χ ≡ 1 in a nbh. Γ of the proj.
{(x, ξ; y, η) ∈ Ṫ ∗M 2|gx(ξ, ξ) = 0, (x, ξ) = Φγs≷0(y, η)} on M ×M .

5 / 9



Introduction Feynman Parametrix Proof References

Uniqueness of Feynman Parametrix

L�R congruent both to L and to R modulo smoothing operators.

E ′(M ,E )
R−→ D′(M ,E )

�−→ D′(M ,E )
L−→ D′(M ,E ) .

E ′(M ,E )
R−→ D′(M ,E )

P−→ E ′(M ,E )
L−→ D′(M ,E ), supp(P) cpt

If (x, ξ), (y, η) /∈WF (P) but (x, ξ; y, η) ∈WF′ (LPR) then ∃
(z, ζ) ∈WF (P) st (x, ξ) ≷ (z, ζ) ≶ (y, η) on geodesic strip γ(t).

Choose χ ∈ D(M ×M ,E � E ) st χ ≡ 1 in a nbh. Γ of the proj.
{(x, ξ; y, η) ∈ Ṫ ∗M 2|gx(ξ, ξ) = 0, (x, ξ) = Φγs≷0(y, η)} on M ×M .
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Hence LMχ −MχR does not contain any point over Γ and
therefore L−R is a smoothing op. as Γ is arbitrary.
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Introduction Feynman Parametrix Proof References

Construction of Feynman Parametrix (sketch)

1 Transform � to a first-order op: P := Ψ−1ell �.

2 Transform P microlocally to covariant derivative D on the trivial
bundle F → Rd along lightlike vectors using FIOs A and B.

3 Construct Feynman parametrix for P :

E :=
∑

µ∈POU

AψF±BTµ (4)

A and B as in Point 2 (introduction ”coming soon”).
ψ ∈ C∞(R2d), ψ ≡ 1 in a ngh. (diagonal), vanishes outside a
sufficiently small ngh. (diagonal).
F± are advanced & retarded fundamental sols of D.
T ∈ Ψ0(M ,E ), WF (T ) ⊂ a sufficiently small conic nbh. of lightlike
covectors on (M , g).
Tµ satisfying above conditions, employing POU st I =

∑
Tµ.

4 Feynman parametrices for �:

Ψ+1
ell E (5)
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Fourier integral operators (FIOs)

1 A FIO is a linear operator (Hörmander, 1971; Lax, 1957)

A : D(N ,
√
ΩN ⊗F )→ D′(M ,

√
ΩM⊗E ), (Au)(x) :=

∫
N

A(x, y)u(y)

where A ∈ Im
(
M ×N ,K ′,

√
Ω(M ×N )⊗Hom(F ,E )

)
.

2 Locally a FIO can be written as a matrix whose elements are

A(x) = (2π)(d+2n−2e)/4
∫
Rn

eiS(x,θ)a(x, θ)dθ (6)

d := dim M S n, e excess.

S phase functions locally parametrising K =
(
x, (dxS)(x, θ)

)
.

a ∈ Sm+(n−2n−2e)/4(Rd × Rn) symbol.

3 WF (A) ⊂ K .
4 Pseudodifferential operator: K := diagonal in Ṫ ∗M × Ṫ ∗N .
5 Principal symbol of P ∈ Ψm(M ,E )
σP : Ψm/Ψm−1(M ,E )→ Sm/Sm−1(T ∗M ,End(E )).
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3 WF (A) ⊂ K .
4 Pseudodifferential operator: K := diagonal in Ṫ ∗M × Ṫ ∗N .

5 Principal symbol of P ∈ Ψm(M ,E )
σP : Ψm/Ψm−1(M ,E )→ Sm/Sm−1(T ∗M ,End(E )).
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Microlocalisation

(x, ξ) ∈ Ṫ ∗M lightlike covector, (0, η) := (0; η0, 0, . . . , 0) ∈ Ṫ ∗Rd.

κ : Rd →M local homogeneous Darboux coordinate st

∃A ∈ Im
(
M × Rd,K ′,Hom(F ,E )

)
, B ∈ I−m

(
Rd ×M , (K −1)′,

Hom(E ,F )
)

st
(
m ∈ R,K ′ :=

(
κ(y, η); y,−η

))
WF′ (A) ⊂ Γ(x,ξ;0,η), WF′ (B) ⊂ Γ(0,η;x,ξ),
(x, ξ) /∈WF (BA− I) , (0, η) /∈WF (AB − I) ,

(7a)
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Microlocalisation
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κ : Rd →M local homogeneous Darboux coordinate st

σP
(
κ(0, η0)

)
= ξ0. (7)

∃A ∈ Im
(
M × Rd,K ′,Hom(F ,E )

)
, B ∈ I−m

(
Rd ×M , (K −1)′,

Hom(E ,F )
)

st
(
m ∈ R,K ′ :=

(
κ(y, η); y,−η

))
WF′ (A) ⊂ Γ(x,ξ;0,η), WF′ (B) ⊂ Γ(0,η;x,ξ),
(x, ξ) /∈WF (BA− I) , (0, η) /∈WF (AB − I) ,

(8a)

8 / 9



Introduction Feynman Parametrix Proof References

Microlocalisation

CN(x,ξ) CN(0,η)

ξ01End(E) η01End(F )

κ
κ∗σP

Φ
σD

D′(M ,E ) D(Rd,F )

D′(M ,E ) D(Rd,F )

A

B

Figure 1: A schematic diagram of microlocalisation.
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(x, ξ; 0, η) /∈WF′ (ADB − P ) , (0, η;x, ξ) /∈WF′ (BPA−D) .
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Facts used in the Proof of Microlocalisation

Existence of parametrix for FIOs.

Egorov’s theorem.

Transport equation.
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Facts used in the Proof of Microlocalisation

Existence of parametrix for FIOs.

Egorov’s theorem.

Transport equation.

Thank you for your attention!
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