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Preface

Joint work with Felix Finster and Robert Jonsson
Theory of causal fermion systems [3, p. 1]:

I Novel approach to fundamental physics
I Unification of interactions of the standard model with gravity
I Close connections to quantum field theory

Why consider entropy?
I Plays important role in many physical effects
I Many different definitions
I Correlations not always well understood (e.g. area law)
I Part of problems like black hole information paradox (see also [5]

and [7])
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Causal Fermion Systems [3, p. 1, 3]

Definition (Causal Fermion System)

A causal fermion system (short CFS) of spin dimension n ∈ N ia a
triple (H,F , ρ) consisting of a complex separable Hilbert space
(H, 〈.|.〉H), the following subset of L(H):

F := {x ∈ L(H) | x selfajoint with rank(x) ≤ 2n and at most n positive

and at most n negative eigenvalues} ,

and a measure ρ on F , the so called universal measure.

Definition (Spacetime)
For a CFS (H,F , ρ) we define spacetime as:

M := supp(ρ) ⊆ F ⊆ L(H) .
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Causal Action Principle [3, p. 1-4]
Lagrangian: L : F × F → R , (x , y) 7→ 1

4n
∑2n

i,j=1

Ä
|λxy

i | − |λ
xy
j |
ä2

,

with λxy
i , i = 1, . . . ,2n (non-zero) eigenvalues of xy

non-negative
symmetric

Definition (Causal Action Principle)
Minimize the action

S(ρ) :=

∫

F

∫

F
L(x , y)dρ(x)dρ(y) ,

by varying ρ under the constraints
• Volume constraint: ρ(F) constant,
• Trace constraint:

∫
F tr(x)dρ(x) constant,

• Boundedness constraint:
∫
F
∫
F
Ä∑2n

j=1 |λ
xy
i |
ä2

dρ(x)dρ(y) ≤ C,

From now on we always assume that ρ is such a minimizer
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Surface Layer Integrals [3, p. 42-43]
42 1. CAUSAL FERMION SYSTEMS – AN OVERVIEW

Ω Ω

ν y

x b

b

δN

ˆ

N

· · · dµN

ˆ

Ω

dρ(x)

ˆ

M\Ω
dρ(y) · · · L(x, y)

Figure 1.2. A surface integral and a corresponding surface layer integral

we obtain a corresponding variation of the physical wave functions. Following (1.4.12)
and (1.4.5) gives a corresponding variation of the universal measure, i.e.

ρτ = (Fτ )∗ρ with Fτ (x) := −Ψτ (x)∗Ψτ (x) .

Since ρτ is the push-forward of the measure ρ, the volume constraint is clearly satisfied.
In order to verify the trace constraint, we note that formally,

ˆ

F

tr(x) dρτ (x) =

ˆ

M
tr
(
Fτ (x)

)
dρτ (x)

= −
ˆ

M
tr
(
Ψτ (x)∗Ψτ (x)

)
dρ = − tr(Ψ∗τΨτ

)
,

(1.4.23)

where the adjoint Ψ∗τ : K→ H is defined using the respective inner products, i.e.

<Ψτu |φ> = 〈u |Ψ∗τ φ〉H for u ∈ H, φ ∈ K .

Therefore, using (1.4.22) together with the fact that the operators Uτ are unitary, we
conclude that
ˆ

F

tr(x) dρτ (x) = − tr(Ψ∗τΨτ

)
= − tr(Ψ∗U∗τ UτΨτ

)
= − tr(Ψ∗Ψτ

)
=

ˆ

M
tr(x) dρ(x) ,

showing that the trace constraint is indeed respected. Clearly, this computation has the
shortcoming that the integral in (1.4.23) may diverge (see before (1.1.7)), and that Ψ
does not necessarily map to K (see §1.1.5). But the above consideration can be given a
mathematical meaning when assuming that the operators 11 − Uτ can be represented as
integral operators with integral kernels which vanish outside a compact subset of M×M .
We refer to the details to Definition 3.2.1 and the constructions in Section 3.2. ♦

1.4.2. Symmetries and Conserved Surface Layer Integrals. In [FK2] it is
shown that symmetries of the Lagrangian give rise to conservation laws. These results
can be understood as adaptations of Noether’s theorem to the causal action principle.
Since the mathematical structure of the causal action principle is quite different from that
of the Lagrangian formulation of classical field theory, these adaptations are not straight-
forward. We now explain a few concepts and results from [FK2] which are important for
understanding the general physical picture.

We first recall that the conservation laws obtained from the classical Noether theorem
state that the integral of a certain density over a Cauchy surface N does not depend on
the choice of N . For example, charge conservation states that the spatial integral of the
charge density gives a constant. As another example, energy conservation states that
in a static space-time background, the integral of the energy density is a constant. In
general terms, the conserved quantities are surface integrals over a Cauchy surface N (see
the left of Figure 1.2). In the setting of causal fermion systems, it is unclear how such

Figure: Comparison of an ordinary surface integral and a surface layer
integral [3, p. 42].

In CFS no canonical measure on hypersurface
L decays fast for |x − y | > δ (for Dirac particles: δ ∼ m−1)

→ gives integral over hypersurface smeared out on the scale of δ
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A conserved surface layer integral [3, S. 42-45], [4]
For u ∈ H arbitrary set Au := |u〉 〈u| ∈ L(H)

I symmetric
I finite rank

→ One-parameter family of unitary transformations:
(Uτ )τ∈R := (exp(iτAu))τ∈R

→ Symmetry φ : R×F → F , (τ, x) 7→ UτxU−1
τ of L, i.e.:

L(φ(τ, x), y) = L(x , φ(−τ, y)) , ∀τ ∈ R, x , y ∈ M .

Lemma
For any Ω ⊆ M compact:

0 =
d
dτ

Ç∫
Ω

dρ(x)

∫

M\Ω
dρ(y)

(
L(φ(τ, x), y)− L(x , φ(τ, y))

)å ∣∣∣∣
τ=0

=

∫

Ω
dρ(x)

∫

M\Ω
dρ(y)

(
D1,vu(x) − D2,vu(y)

)
L(x , y) ,

with vu(x) := d
dτ φ(τ, x)|τ=0 for all x ∈ F .
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Ω1/2: past of Cauchy
surface ∂Ω1/2

Ω1 in the future of Ω2

Meantime Ω1
2 := Ω1 \ Ω2

can be exhausted by
compact sets (Ω̃n)n∈N

Ω1
2

∂Ω1

∂Ω2

Ω2

Ω1

⇒ For the integrand decaying fast enough at spatial infinity:

0 =

∫

Ω1
2

dρ(x)

∫

M\Ω1
2

dρ(y)
(
D1,vu(x) − D2,vu(y)

)
L(x , y)

=
( ∫

Ω1

∫

M\Ω1

−
∫

Ω2

∫

M\Ω2

)(
D1,vu(x) − D2,vu(y)

)
L(x , y)dρ(y)dρ(x)

→ 〈u,u〉ρ :=
∫

Ω dρ(x)
∫

M\Ω dρ(y)
(
D1,vu(x) − D2,vu(y)

)
L(x , y)

conserved for Ω past of Cauchy surface ∂Ω
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Definition of the Entropy
In Minkowski space limiting case (see [4, Chapter 5]):

〈u,u〉ρ = c〈u|u〉H ∀u ∈ HF ⊆ H closed subspace .

→ Assume this holds in general for HF suitable
→ 〈., .〉ρ inner product on HF

Spatial localization for U ⊆ M:
∂Ω

U

1
2

( ∫

Ω∩U

∫

M\Ω
+

∫

Ω

∫

(M\Ω)∩U

)(
D1,vu(x) − D2,vu(y)

)
L(x , y)dρ(x)dρ(y)

︸ ︷︷ ︸
=:〈u|u〉U,ρ

Define localized state operator

〈u|u〉U,ρ = 〈u, σUu〉ρ , ∀u ∈ HF

Von-Neumann-like entropy (for reduced one-particle density) [6,
(34)], [8, p. 400-401]

S := trHF

Ä
σU log(σU) + (1− σU) log(1− σU)

ä
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A more specific Form of σU [3, p. 39-40], [4, chapter 5]

Using a kernel Q the product 〈., .〉ρ can be rewritten as:

〈u|u〉ρ = 4Im
∫

Ω
dρ(x)

∫

M\Ω
dρ(y) ≺ ψu(x),Q(x , y)ψu(y) �y

And correspondingly:

〈u|u〉U,ρ = 2Im
( ∫

Ω
dρ(x)

∫

M\Ω
dρ(y) ≺ ψu(x),Q(x , y)χU(y)ψu(y) �y

+ ≺ χU(x)ψu(x),Q(x , y)ψu(y) �y

)
.

→ More specific form for σU :

σU =
1
2

((χU)∗ + χU) ,

with (χU)∗ adjoint of χU wrt 〈.|.〉ρ
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In vakuum Mionkowski space: σU = σσ̃Uσ with
I σ : L2(R3,C4)→ HF projection operator with kernel σ(~x , ~y) s.t.:

σ(~x , ~z) =

∫

R3
d3~yσ(~x , ~y)σ(~y , ~z) .

I σ̃U : L2(R3,C4)→ L2(R3,C4) integral operator with kernel

σ̃U(~x , ~y) =
1
2
(
χU(~x) + χU(~y)

)
σ(~x , ~y) .

⇒ Assume in the follwoing that σU can always be represented in this
form
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Consider σU − (σU)
2

log(σU) difficult to calculate
Why log-formula at all?
x − x2 similar behaviour:

I EVs 0,1 don’t contribute
→ Measues mixing

plus easier to calculate
(similar as in [2, Theorem
3.1]):

y

0

0.5

x

0 0.5 1

−x log(x)− (1− x) log(1− x)
x − x2

tr(σU − (σU)2) = tr(σU − σU(σ − σR3\U)) = tr(σUσR3\U) = tr(σ̃Uσσ̃R3\Uσ)

=
1
4

∫

R3

∫

R3

∫

R3

∫

R3

(
χU(~x1) + χU(~x2)

)(
χR3\U(~x3) + χR3\U(~x4)

)
·

trC4

(
σ(~x1, ~x2)σ(~x2, ~x3)σ(~x3, ~x4)σ(~x4, ~x1)

)
d3~x1d3~x2d3~x3d3~x4

=

∫

U
d3~x

∫

R3\U
d3~y trC4

(
σ(~x , ~y)σ(~y , ~x)

)
,
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Minkowski Space Example (see also [3, p. 25-34])

Vacuum Minkowski space: σ = Πε
− regularized projector to

negative frequency solutions of Dirac equation

Important properties of
tr(Πε

−(~x , ~y)Πε
−(~y , ~x)):

I only depends only on |~x − ~y |
I diverges for |~x − ~y | → 0 and ε→ 0
I decays fast for large |~x − ~y |

∼ ε−6

∼ e−2m|~x−~y|

|~x−~y |3

tr
(
Πε
−(~x , ~y)Πε

−(~y , ~x)
)
|~x − ~y |

→ Split surface layer integral with cutoff constant 0 < ε� δ � l :
∫

Bl (0)

∫

R3\Bl (0)
· · · =

∫

Bl (0)

∫

Bl (0)c∩Bδ(~x)
· · ·+

∫

Bl (0)

∫

Bl (0)c∩Bδ(~x)c
. . .

In the limit ε→ 0 (physical case) fist term diverges, second one
bounded→ focus on first term
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Simplifying integrals, the first term becomes:
∫

Bl (0)
d3~x

∫

Bl (0)c∩Bδ(~x)
d3~y trC4(Πε

−(~x , ~y)Πε
−(~y , ~x))

=C ·
[
l2
∫ δ

0
dr r3Fε(r2)− 1

12

∫ δ

0
dr r5Fε(r2)

]
,

with Fε : R→ C such that Fε(r2) = trC4(Πε
−(0, r ê1)Πε

−(0, r ê1)) for
all r ≥ 0
First integral dominates for l � δ

→ obtain area-law-like form:

tr(σBl (0) − σ2
Bl (0))

= C(ε)︸ ︷︷ ︸
−→
ε→0
∞

·
(
C0(δ) · l2 + C1(δ)︸ ︷︷ ︸

�C0(δ)l2 for l�δ

)
+ D(ε)︸ ︷︷ ︸
O(1) for ε→0

·Corrections ,
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Generalization to the logarithm
Taylor expansion of logarithm:

tr
(

(1− σU) ln(1− σU)
)

= −
∞∑

n=1

(−1)n

n
tr(σn

U) +
∞∑

n=1

(−1)n

n
tr(σn+1

U ) ,

→ Additivity:

tr(σn+1
U ) = tr((σU)n(σ − σR3\U)) = tr((σU)nσ)− tr((σU)nσR3\U) ,

→ By definition of σU : tr((σU)nσ) = tr((σU)n)

→ And similar as before: tr((σU)nσR3\U) = tr((χUσ)n(χR3\Uσ))

→ Finially iteratively use:

tr
(

(χUσ)n(χR3\Uσ)
)

= tr
(

(χUσ)n−2(1− χR3\U)σ(χUσ)(χR3\Uσ)
)

=tr
(

(χUσ)n−1(χR3\Uσ)
)
− tr

(
(χUσ)n−2(χR3\Uσ)(χUσ)(χR3\Uσ)

)
,
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Proceed similarly with tr(σU log(σU)) = tr(σU log
Ä
1− σR3\U

ä
)

→ After simplification this yields expansion:

tr
(
σU log(σU) + (1− σU) ln(1− σU)

)
=
∞∑

n=1

αntr
ÄÄ

(χUσ)(χR3\Uσ)
änä

.

Resulting traces correspond to higher order surface layer integrals
(alternating integrals over inside and outside)
Conjecture:

I Short range of integrand→ for each pair of integrals over U and Uc

only small strips of space around ∂U relevant
I Surface layer integrals decay with growing order
I Only lower orders in n relevant
I Lowest order: Ordinary surface layer integral, which likely has

area-law-like form
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Outlook

Prove more general area-law-like form for area AU of U:

S = C(ε)︸ ︷︷ ︸
−→
ε→0
∞

·
Ç

C0(δ) · AU + C1(δ)︸ ︷︷ ︸
�C0(δ)AU for AU�δ2

å
+ D(ε)︸ ︷︷ ︸
O(1) for ε→0

·Corrections

Show that S := tr
Ä
σU log(σU) + (1− σU) log(1− σU)

ä
really

corresponds to entanglement entropy
→ Consequences for information paradox: General problem [5], [7]:

I Independent of the initial state a black hole evaporates by emitting
Hawking radiation

I Shrinking horizon→ Bekenstein-Hawking entropy shrinks
I Thermal radiation→ Entanglement-entropy grows
I Problem if Bekenstein-Hawking entopy and entanglement-entropy

are always equal

Hope: Answer question whether they really are equal all the time
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